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COLLAPSING LIMITS OF THE KA¨HLER-RICCI FLOW AND THE
CONTINUITY METHOD
YASHAN ZHANG
Abstract. We consider the Ka¨hler-Ricci flow on certain Calabi-Yau fibration, which
is a Calabi-Yau fibration with one dimensional base or a product of two Calabi-Yau
fibrations with one dimensional bases. Assume the Ka¨hler-Ricci flow on total space
admits a uniform lower bound for Ricci curvature, then the flow converges in Gromov-
Hausdorff topology to the metric completion of the regular part of generalized Ka¨hler-
Einstein current on the base, which is a compact length metric space homeomorphic to
the base. The analogue results for the continuity method on such Calabi-Yau fibrations
are also obtained. Moreover, we show the continuity method starting from a suitable
Ka¨hler metric on the total space of a Fano fibration with one dimensional base converges
in Gromov-Hausdorff topology to a compact metric on the base. During the proof, we
show the metric completion of the regular part of a generalized Ka¨hler-Einstein current
on a Riemann surface is compact.
1. Introduction
1.1. Setups. In this paper, we discuss collapsing limits of the Ka¨hler-Ricci flow and the
continuity method. Let’s begin by some background and motivation for our results.
The general setup in this paper is as follows.
Setup 1. Let f : X → Z be a holomorphic map between two compact Ka¨hler manifolds
with image Y := f(X) ⊂ Z an irreducible normal subvariety of Z and 0 < k := dim(Y ) <
n := dim(X) and f : X → Y is of connected fibers. Assume there exists a family of Ka¨hler
metrics ω(t), t ∈ [0, T ) and 0 < T ≤ ∞, on X with the property that, as t→ T−,
[ω(t)]→ f ∗[χ] (1.1)
in H1,1(X,R) for some Ka¨hler class [χ] on Z with a Ka¨hler metric representative χ.
Then our main goal is to study the limit of ω(t) as t→ T−.
For later convenience, we also set
Setup 2. Assume Setup 1 and additionally [χ] is rational, i.e. [χ] = 2πc1(L) for some
ample Q-line bundle L on Z.
Setup 3. Assume Setup 1 and additionally Y is smooth and the set of critical values of
f has simple normal crossing support.
Setup 2 is the most natural case, in view of semi-ample fibration theorem [18]. We will
discuss a special case of Setup 3, see Setup 4 later (also see Remark 5).
In this paper, ω(t) will satisfy the Ka¨hler-Ricci flow or the continuity method.
The author is partially supported by the Project MYRG2015-00235-FST of the University of Macau.
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1.2. The Ka¨hler-Ricci flow. Let’s first consider the Ka¨hler-Ricci flow case. Assume
ω(t)t∈[0,∞) is a long time solution to the Ka¨hler-Ricci flow{
∂tω(t) = −Ric(ω(t))− ω(t)
ω(0) = ω0,
(1.2)
where ω0 is an arbitrary Ka¨hler metric on X . We know the Ka¨hler class along the Ka¨hler-
Ricci flow (1.2) satisfies
[ω(t)] = e−t[ω0] + 2π(1− e−t)c1(KX)
and hence in this case the condition (1.1) in Setup 1 means
2πc1(KX) = f
∗[χ]. (1.3)
Note that condition (1.3) implies the generic fiber of f : X → Y is a smooth Calabi-
Yau manifold and so we may call it a Calabi-Yau fibration. Following Song and Tian
[22, 23], we now recall a construction of a class of positive current, i.e. the generalized
Ka¨hler-Einstein current on Y in the class [χ] (here and in the followings, we use the same
notation χ to denote the restriction of χ to Y ). Fix a smooth positive volume form Ω on
X with
√−1∂∂¯ log Ω = f ∗χ. Denote S ⊂ Y be the singular set of Y together with the
critical values of f and Xreg := f
−1(Y \S). Then by [22, Lemma 3.1] we find a closed real
(1, 1)-form ωSRF on Xreg such that, restricting to a smooth fiber Xy for y ∈ Y \S, ωSRF |Xy
is the unique Ricci-flat Ka¨hler metric in the class [ω0|Xy ]. Define F := Ω(nk)ωn−kSRF∧f∗χk , which
is constant along every smooth fiber and hence is also a positive smooth function on Y \S.
Moreover, by [23, Lemma 3.3, Proposition 3.2] F satisfies
F =
1
V0
f∗Ω(
n
k
)
χk
(1.4)
on Y \ S, where V0 :=
∫
Xy
(ω0|Xy)n−k, y ∈ Y \ S, is a positive constant and
0 < δ ≤ F ∈ L1+ǫ(Y, χk) (1.5)
on Y , where δ and ǫ are two positive constants. Then Song and Tian [22, 23] consider
the following complex Monge-Ampe`re equation on Y :
(χ+
√−1∂∂¯ψ)k = eψFχk. (1.6)
Thanks to [9, 23] (building on [1, 31, 16]), (1.6) admits a unique solution ψ ∈ PSH(Y, χ)∩
L∞(Y )∩C∞(Y \S) (strictly speaking, [23] proved the case that [χ] is rational on Z; how-
ever, noting [7, Theorem 3.4, Lemma 3.5], their arguments also apply without assuming
rationality of [χ]). Set ωY := χ+
√−1∂∂¯ψ, which is a positive (1, 1)-current on Y and a
smooth Ka¨hler metric on Y \ S. We call ωY the generalized Ka¨hler-Einstein current on
Y , since it satisfies a generalized Ka¨hler-Einstein equation on Y \S, see [22, 23]. We also
remark that ωY does not depend on the constant factor V0 (and
(
n
k
)
) on the right hand
side of (1.6) and so we may assume V0 = 1.
In the fundamental works of Song and Tian [22, 23], it is shown in Setup 2 that
ω(t)t∈[0,∞), the solution to the Ka¨hler-Ricci flow (1.2), converges to f ∗ωY as currents
on X . Precisely, [22, 23] proved the L1-convergence for Ka¨hler potentials, where the ra-
tionality of [χ] is needed in the argument (we mention that it is very natural to assume
the rationality of [χ], in view of semi-ample fibration theorem), see [23, Propositions 5.3,
5.4]. This convergence has been improved to some stronger topology by several works,
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see [10, 28] and reference therein. In particular, assuming the Setup 2, it is proved in [28,
Theorem 1.2] that for any K ′ ⊂⊂ Xreg, ω(t)→ f ∗ωY in C0(K ′, ω0)-topology.
Here we remark an observation which will be used later.
Proposition 1. [22, 23, 28] Assume ω(t)t∈[0,∞), the solution to the Ka¨hler-Ricci flow
(1.2) on X, satisfies Setup 3. Then, as t → ∞, ω(t) → f ∗ωY as currents on X and for
any K ′ ⊂⊂ Xreg, ω(t)→ f ∗ωY in C0(K ′, ω0)-topology.
To see Proposition 1, we only need to prove a local uniform convergence away from a
proper subvariety on X for Ka¨hler potentials, i.e. the analog of [23, Proposition 5.4]. This
can be achieved by simply modifying the maximum principle arguments in [23] since S
has simple normal crossing support. Once we have this fact, the conclusion in Proposition
1 follows from the same arguments in [28, Theorem 1.2]. Proposition 1 will be applied to
Setup 4 later.
There exists a natural conjecture proposed by Song and Tian [22, 23, 25].
Conjecture 1. [25, Conjecture 6.3] Assume Setup 1 with condition (1.3).
(1) (X∞, d∞), the metric completion of (Y \ S, ωY ), is a compact metric space home-
omorphic to Y .
(2) Assume Setup 2 (or Setup 3) with condition (1.3) and ω(t)t∈[0,∞) is the solution
to the Ka¨hler-Ricci flow (1.2) on X. Then, as t → ∞, (X,ω(t)) → (X∞, d∞) in
Gromov-Hausdorff topology.
We point out that the metric properties of (Y \ S, ωY ) should be crucial in obtaining
Gromov-Hausdorff convergence for the Ka¨hler-Ricci flow. Our first main result deals with
item (1) in Conjecture 1 when dim(Y ) = 1 (i.e. Y is a compact Riemann surface). Recall
that, if dim(Y ) = 1, then S, the set of critical points of f , is a finite set of isolated points
on Y . We denote S = {s1, . . . , sL}. Our first main result can be stated as follows.
Theorem 1. Assume Setup 1 with condition (1.3) and dim(Y ) = 1. Let ωY be the positive
current obtained by (1.6). Denote S = {s1, . . . , sL} be the critical values of f on Y . For
a fixed sl ∈ S, we choose a local chart (∆, s) near sl and identify ∆ with {s ∈ C||s| ≤ 1}
and sl with 0 ∈ C. Denote ∆∗ = ∆ \ {0}. Then, after possibly shrinking ∆, there exist
three positive constants βl ∈ Q>0, Nl ∈ {1, 2, . . . , n} and Cl ≥ 1 such that
C−1l |s|−2(1−βl)(− log |s|)Nl−1 ≤
ωY√−1ds ∧ ds¯(s) ≤ Cl|s|
−2(1−βl)(− log |s|)Nl−1 (1.7)
holds on ∆∗. Consequently, (X∞, d∞), the metric completion of (Y \S, ωY ), is a compact
length metric space and X∞ is homeomorphic to Y .
Remark 1. We have to remark that if dim(X) = 2, i.e. X is a minimal elliptic surface,
then the conclusion in Theorem 1 is first proved in Song and Tian [22, Lemma 3.4] and
Hein [15, Section 3.3] by using Kodaira’s classification on singular fibers of minimal elliptic
surfaces (see e.g. [3]). In the general case dim(X) ≥ 3, since in general there is no
classification on singular fibers, it seems Song-Tian-Hein’s method dose’t work. In the
proof of Theorem 1, our approach doesn’t involve classification on singular fibers and
hence is very different from Song and Tian [22, Lemma 3.4] and Hein [15, Section 3.3].
In particular, our proof also provides an alternative argument for the minimal elliptic
surface case, see Section 3 for details.
Having Theorem 1, we can check Conjecture 1 by assuming a lower bound for Ricci
curvature. The following is our next main result.
4 YASHAN ZHANG
Theorem 2. Assume ω(t)t∈[0,∞), a solution to the Ka¨hler-Ricci flow (1.2) on X, satisfies
Setup 1 and dim(Y ) = 1. Assume Ricci curvature of ω(t) is uniformly bounded from
below. Then, as t→∞, (X,ω(t)) converges in Gromov-Hausdorff topology to (X∞, d∞),
the metric completion of (Y \ S, ωY ).
Note that the setting of Theorems 1 and 2 applies to any compact Ka¨hler manifold
with semi-ample canonical line bundle and Kodaira dimension one.
When dim(X) = 2, i.e. X is a minimal elliptic surface, Theorem 2 is proved in our
previous work joint with Z.L. Zhang [32], where we made crucial use of the result of Song
and Tian [22, Lemma 3.4] and Hein [15, Section 3.3], i.e. surface case in Theorem 1. Now,
as we have Theorem 1, the argument in [32] can be carried out to obtain Theorem 2. We
will provide a sketch in Section 4.
We can further extend Theorem 2 to more settings, which are products of Calabi-Yau
fibrations with one dimensional bases. Precisely, we set
Setup 4. Let f : X → Σ (resp. f ′ : X ′ → Σ′) be a holomorphic surjective map from an
n-dimensional (resp. m-dimensional) compact connected Ka¨hler manifold X (resp. X ′)
to a compact connected Riemann surface Σ (resp. Σ′) with connected fibers and f ∗χ ∈
2πc1(KX) (resp. f
′∗χ′ ∈ 2πc1(KX′)) for some Ka¨hler metric χ (resp. χ′) on Σ (resp.
Σ′). Set S ⊂ Σ (resp. S ′ ⊂ Σ′) be the critical values of f : X → Σ (resp. f ′ : X ′ → Σ′),
X˜ := X × X ′, Σ˜ := Σ × Σ′, Σ˜reg := (Σ \ S) × (Σ′ \ S ′) and f˜ := (f, f ′) : X˜ → Σ˜. We
know there exists a Ka¨hler metric χ˜ := χ + χ′ on Σ˜ such that f˜ ∗χ˜ ∈ 2πc1(KX˜). Given
an arbitrary Ka¨hler metric ω0 on X˜, the smooth solution ω(t) to the Ka¨hler-Ricci flow
(1.2) on X˜ satisfies Setup 3. Moreover, we also have a unique generalized Ka¨hler-Einstein
current ωΣ˜ in Ka¨hler class χ˜ on Σ˜ and ωΣ˜ is a Ka¨hler metric on Σ˜reg.
We have the following theorem.
Theorem 3. Given f˜ : X˜ → Σ˜ as in above Setup 4. Let ω(t)t∈[0,∞) be the solution to the
Ka¨hler-Ricci flow (1.2) on X˜.
(1) (X˜∞, d˜∞), the metric completion of (Σ˜reg, ωΣ˜), is a compact length metric space
homeomorphic to Σ˜.
(2) Assume Ricci curvature of ω(t) is uniformly bounded from below. Then, as t→∞,
(X˜, ω(t))→ (X˜∞, d˜∞) in Gromov-Hausdorff topology.
Remark 2. On the one hand, the proofs of both Theorems 3 and 2 make use of Theorem 1
crucially. On the other hand, the proof of Theorem 3 is more involved than Theorem 2 in
the sense that, to prove Theorem 3, we have to to apply some results in Cheeger-Colding’s
theory on Ricci limit space [5, 6], see Section 5 for details.
1.3. The continuity method: collapsing limits at infinite time. Next, we move to
the continuity method case. The continuity method we will consider in this paper is the
one proposed by La Nave and Tian [17] (also see [20]), which is proposed to carry out
the Analytic Minimal Model Program, see [17] for more details. Given a compact Ka¨hler
manifold X and an arbitrary Ka¨hler metric ω0 on X , assume ω(t)t∈[0,∞) be the smooth
long time solution to the following equation of La Nave and Tian [17]:{
(1 + t)ω(t) = ω0 − tRic(ω(t))
ω(0) = ω0,
(1.8)
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Easily, we find the Ka¨hler class [ω(t)] along the continuity method (1.8) satisfies
[ω(t)] =
1
1 + t
ω0 +
t
1 + t
2πc1(KX). (1.9)
Therefore, when we assume ω(t)t∈[0,∞) satisfies Setup 1, there also holds (1.3) and so we
can follow discussions in subsection 1.2 (e.g. we have the same generalized Ka¨hler-Einstein
current ωY solving (1.6) on Y ), but replace the Ka¨hler-Ricci flow (1.2) by the continuity
method (1.8).
For the continuity method (1.8), our first observation is the following
Proposition 2. Assume ω(t)t∈[0,∞), the solution of the continuity method (1.8), satisfies
Setup 1. Then, as t ∈ ∞, ω(t)→ f ∗ωY as currents on X.
In Proposition 2, if dim(X) = 2, then that conclusion was obtained in [32] (whose
argument is modified from [27]). Moreover, we can modify arguments in [32] to check
Proposition 2 in general case. Precisely, we shall obtain an L1-convergence of Ka¨hler
potentials and then Proposition 2 follows. Moreover, as we will have C2-estimate away
from singular fibers for Ka¨hler potential, we further improve the L1-convergence to C1,α-
convergence away from singular fibers.
We also have C0-convergence of metric along the continuity method (1.8).
Proposition 3. Assume ω(t)t∈[0,∞), the solution of the continuity method (1.8), satisfies
Setup 1. Then for any K ′ ⊂⊂ Xreg, ω(t)→ f ∗ωY in C0(K ′, ω0)-topology as t→∞.
Proposition 3 can be checked by the same arguments in [33, Theorem 1.1], which is
technically motivated by arguments in [28].
We also have the following natural conjecture, proposed by La Nave and Tian [17].
Conjecture 2. [17, Conjecture 4.7] Assume ω(t)t∈[0,∞), the solution of the continuity
method (1.8), satisfies Setup 1. Then, as t → ∞, (X,ω(t)) → (X∞, d∞) in Gromov-
Hausdorff topology. Here (X∞, d∞) is the same metric space as in Conjecture 1.
When dim(X) = 2, i.e. X is a minimal elliptic surfacehe, Conjecture 2 was confirmed
in [32], where we made crucial use of the result of Song and Tian [22, Lemma 3.4] and
Hein [15, Section 3.3], i.e. surface case in Theorem 1. Now, as we have Theorem 1, we
can prove the following main result.
Theorem 4. Assume ω(t)t∈[0,∞), a solution to the continuity method (1.8) on X, satisfies
Setup 1 and dim(Y ) = 1. Then, as t → ∞, (X,ω(t)) converges in Gromov-Hausdorff
topology to (X∞, d∞), the metric completion of (Y \ S, ωY ).
The proof of Theorems 4 and 2 are the same. Note that for the continuity method
(1.8), the Ricci curvature is uniformly bounded from below automatically.
We also have the analog of Theorem 3 for the continuity method (1.8) as follows.
Theorem 5. Given f˜ : X˜ → Σ˜ as in Setup 4. Let ω(t)t∈[0,∞) be the unique smooth
solution to the continuity method (1.8) on X˜. Then, as t → ∞, (X˜, ω(t)) → (X˜∞, d˜∞)
in Gromov-Hausdorff topology.
The proof of Theorem 5 is almost identical as Theorem 3, see Section 5 for details.
6 YASHAN ZHANG
1.4. The continuity method: collapsing limits at finite time. We now discuss a
different case where the continuity method will collapse at finite time. Let f : X → Y ⊂ Z
be the same as in Setup 1 and ω0 be a Ka¨hler metric on X satisfying
[ω0] + 2πc1(KX) = f
∗[χ] (1.10)
for some Ka¨hler metric χ on Z. Note that condition (1.10) implies the generic fiber of
f : X → Y is a smooth Fano manifold and so we may call it a Fano fibration. Consider
the following continuity method on X proposed by La Nave and Tian [17]:{
ω(t) = ω0 − tRic(ω(t))
ω(0) = ω0,
(1.11)
Easily, the Ka¨hler class [ω(t)] along the continuity method (1.11) satisfies
[ω(t)] = [ω0] + 2πtc1(KX). (1.12)
As we have condition (1.10), applying [17, Theorem 1.1] gives a smooth solution ω(t) to
the continuity method (1.11) on time interval [0, 1). Then ω(t)t∈[0,1) solving (1.11) satisfies
Setup 1 with the property
[ω(t)]→ f ∗[χ]
as t→ 1.
The goal is to study the limit of ω(t) as t→ 1. In general, according to [17, Conjecture
4.1], (X,ω(t)) should converge to some compact metric on Y . Some progresses have been
made in [33]. In particular, a limiting singular Ka¨hler metric was constructed in [33,
Section 2]. Let’s first recall the construction in [33, Section 2]. By the condition (1.10)
and Yau’s theorem [31], we fix a smooth positive volume form Ω on X with√−1∂∂¯ log Ω = f ∗χ− ω0, (1.13)
and a closed real (1, 1)-form ω0 on Xreg such that, restricting to every smooth fiber Xy for
y ∈ Y \S, ω0|Xy is the unique Ka¨hler metric in class [ω0|Xy ] satisfying Ric(ω0|Xy) = ω0|Xy .
Then define a function G on Xreg by
G =
Ω(
n
k
)
ωn−k0 ∧ f ∗χk
,
which is constant along every smooth fiberXy and hence is also a smooth positive function
on Y \ S. Moreover, G satisfies
G =
1
V0
f∗Ω(
n
k
)
χk
(1.14)
on Y \ S, where V0 :=
∫
Xy
(ω0|Xy)n−k, y ∈ Y \ S, is a positive constant and
0 < δ ≤ G ∈ L1+ǫ(Y, χk) (1.15)
on Y , where δ and ǫ are two positive constants. Now consider the following complex
Monge-Ampe`re equation on Y :
(χ+
√−1∂∂¯ψ)k = eψGχk. (1.16)
Thanks to [9, 23], (1.16) admits a unique solution ψ ∈ PSH(Y, χ)∩L∞(Y )∩C∞(Y \S).
Set ωY := χ +
√−1∂∂¯ψ, which is a positive (1, 1)-current on Y and a smooth Ka¨hler
metric on Y \ S. Then the following result is essentially contained in [33].
Proposition 4. [33] Assume Setup 1 and ω(t)t∈[0,1) is the solution to the continuity
method (1.11) with property (1.10). Then, as t→ 1, ω(t)→ f ∗ωY as currents on X.
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In fact, [33] proved the L1-convergence of Ka¨hler potential, which takes place in C1,α
for any α ∈ (0, 1) away from singular fibers. We refer reader to [33] for more details.
Similarly, we also have an analog of Proposition 3 as follows.
Proposition 5. [33] Assume ω(t)t∈[0,1), the solution of the continuity method (1.11),
satisfies Setup 1. Then for any K ′ ⊂⊂ Xreg, ω(t) → f ∗ωY in C0(K ′, ω0)-topology as
t→ 1.
If dim(Y ) = 1, we also have the asymptotics of ωY on Y near singular points.
Theorem 6. Assume Setup 3 with condition (1.10) and dim(Y ) = 1. Let ωY be the
positive current obtained by (1.16). Denote S = {s1, . . . , sL} be the critical values of f
on Y . For a fixed sl ∈ S, we choose a local chart (∆, s) near sl and identify ∆ with
{s ∈ C||s| ≤ 1} and sl with 0 ∈ C. Denote ∆∗ = ∆ \ {0}. Then, after possibly shrinking
∆, there exist three positive constants βl ∈ Q>0, Nl ∈ {1, 2, . . . , n} and Cl ≥ 1 such that
C−1l |s|−2(1−βl)(− log |s|)Nl−1 ≤
ωY√−1ds ∧ ds¯(s) ≤ Cl|s|
−2(1−βl)(− log |s|)Nl−1 (1.17)
holds on ∆∗. Consequently, (X1, d1), the metric completion of (Y \ S, ωY ), is a compact
length metric space and X1 is homeomorphic to Y .
Finally, using Theorem 6, we can determine Gromov-Hausdorff limit of the continuity
method (1.11) on Fano fibration with one dimensional base.
Theorem 7. Assume ω(t)t∈[0,1), a solution to the continuity method (1.11) on X, satisfies
Setup 1 and dim(Y ) = 1. Then, as t → 1, (X,ω(t)) converges in Gromov-Hausdorff
topology to (X1, d1), the metric completion of (Y \ S, ωY ). Here ωY is solved from (1.16).
The proof of Theorem 7 is the same as Theorems 2 and 4, see Section 4 for details.
1.5. Organization of this paper. The remaining part of this paper is organized as
follows. In Section 2, we collect some properties of the Ka¨hler-Ricci flow and the continuity
method. In Section 3, we prove a general result Theorem 8, which implies Theorems 1
and 6. In Section 4, we prove Theorems 2, 4 and 7. In Section 5, we prove Theorems 3
and 5.
2. Properties of the Ka¨hler-Ricci flow and the continuity method
We collect some necessary properties of the Ka¨hler-Ricci flow and the continuity method.
2.1. The Ka¨hler-Ricci flow. Assume we are given a solution ω(t)t∈[0,∞) to the Ka¨hler-
Ricci flow (1.2) on X satisfying Setup 1. We first reduce the Ka¨hler-Ricci flow to a
parabolic complex Monge-Ampe`re equation. Let Ω be the same smooth positive volume
form on X with
√−1∂∂¯ log Ω = f ∗χ as in subsection 1.2 and set ωt := e−tω0+(1−e−t)f ∗χ
and ω(t) = ωt +
√−1∂∂¯ϕ(t). Then we reduce Ka¨hler-Ricci flow (1.2) to
 ϕ˙(t) = log
e(n−k)t(ωt +
√−1∂∂¯ϕ(t))n
Ω
− ϕ(t)
ϕ(0) = 0.
(2.1)
Thanks to [10, 12, 22, 23, 24, 26, 28], we have the following
Proposition 6. Assume ω(t)t∈[0,∞), a solution to the Ka¨hler-Ricci flow (1.2) on X,
satisfies Setup 1. Let ϕ(t) be the solution to (2.1) on X and hence ω(t) = ωt + ∂∂¯ϕ(t) is
the solution to (1.2). There exists a uniform constant C ≥ 1 such that
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(1) |ϕ|+ |ϕ˙| ≤ C, and hence C−1e−(n−k)tΩ ≤ ω(t)n ≤ Ce−(n−k)tΩ, on X × [0,∞);
(2) ω(t) ≥ C−1f ∗χ on X × [0,∞);
Moreover, given any K ⊂⊂ Xreg, there exist two constants C ≥ 1 and T > 0 such that
for all t ≥ T ,
(3) C−1ωt ≤ ω(t) ≤ Cωt on K;
(4) Assume Setup 2 or Setup 3, we have ϕ(t)→ f ∗ψ in L1(X,Ω)∩C1,αloc (Xreg)-topology,
for any α ∈ (0, 1).
Proof. Items (1) and (2) are contained in [22, 23, 24]. Item (4) is proved in [22] when
n− k = 1 and in [10] when n− k ≥ 2. Item (4) is proved in [22, 23, 10].

We also need the following
Lemma 1. Assume ω(t)t∈[0,∞), a solution to the Ka¨hler-Ricci flow (1.2) on X, satisfies
Setup 2 or Setup 3. Then, as t→∞, eϕ˙(t)+ϕ(t) → ef∗ψ in L1(X,Ω)-topology.
Proof. Firstly, recall that |ϕ˙|+ |ϕ|+ |f ∗ψ| is uniformly bounded on X× [0,∞). Moreover,
according to [28, Lemma 3.2(iv)], for any K ⊂⊂ Xreg, ϕ˙(t) + ϕ(t) → f ∗ψ in L∞(K)-
topology (its proof needs L1-convergence of Ka¨hler potentials in above item (4)). Then
we can easily use an elementary argument to conclude this lemma. 
2.2. The continuity method. As the Ka¨hler-Ricci flow case, we first reduce the conti-
nuity method (1.8) to a complex Monge-Ampe`re equation. For convenience, we consider
a reparametrization of continuity method (1.8) as follows;{
etω(t) = ω0 − (et − 1)Ric(ω(t))
ω(0) = ω0.
(2.2)
Assume ω(t)t∈[0,∞) satisfies Setup 1. We use the same notation Ω, ωt as in subsection
2.1 and set ω(t) = ωt +
√−1∂∂¯ϕ(t), then (2.2) can be reduced to the following complex
Monge-Ampe`re equation
 ϕ(t) = (1− e
−t) log
e(n−k)t(ωt +
√−1∂∂¯ϕ(t))n
Ω
ϕ(0) = 0.
(2.3)
The following is an analog of Proposition 6 for the continuity method (2.3).
Proposition 7. Assume ω(t)t∈[0,∞), a solution to the continuity method (2.2) on X,
satisfies Setup 1. Let ϕ(t) be the solution to (2.3) on X and hence ω(t) = ωt + ∂∂¯ϕ(t) is
the solution to (2.2). There exists a uniform constant C ≥ 1 such that
(1) |ϕ| ≤ C, and hence C−1e−(n−k)tΩ ≤ ω(t)n ≤ Ce−(n−k)tΩ, on X × [1,∞);
(2) ω(t) ≥ C−1f ∗χ on X × [1,∞);
Moreover, given any K ⊂⊂ Xreg, there exist two constants C ≥ 1 and T > 0 such that
for all t ≥ T ,
(3) C−1ωt ≤ ω(t) ≤ Cωt on K;
(4) ϕ(t)→ f ∗ψ in L1(X,Ω) ∩ C1,αloc (Xreg)-topology, for any α ∈ (0, 1).
Proof. See [32, 33] for a proof. 
We also have an analog of Lemma 1.
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Lemma 2. Assume ω(t)t∈[0,∞), a solution to the continuity method (2.2) on X, satisfies
Setup 1. Then, as t→∞, eϕ(t) → ef∗ψ in L1(X,Ω)-topology.
3. Limiting singular metrics on Riemann surfaces
3.1. A general result. In this subsection, we shall first prove the following result.
Theorem 8. Let f : X → Σ be a holomorphic surjective map from an n-dimensional
(n ≥ 2) compact Ka¨hler manifold X to a compact Riemann surface Σ with connected
fibers. Let S = {s1, . . . , sL} be the critical values of f on Σ. For a fix sl ∈ disc(f), we
choose a local chart (∆, s) near sl and identify ∆ with {s ∈ C||s| ≤ 1} and sl with 0 ∈ C.
Denote ∆∗ = ∆\ {0}. Then, after possibly shrinking ∆, there exist two positive constants
βl ∈ Q>0 and Nl ∈ {1, 2, . . . , n} such that, for any smooth potitive volume form Ω on X,
there exists a constant Cl ≥ 1 such that
C−1l |s|−2(1−βl)(− log |s|)Nl−1 ≤
f∗Ω√−1ds ∧ ds¯(s) ≤ Cl|s|
−2(1−βl)(− log |s|)Nl−1 (3.1)
holds on ∆∗.
This result is an analogue of the degeneration of L2-metric on Hodge bundle f∗KX/Σ,
see e.g. [21, 19, 4, 8]. However, in general f∗Ω is not the L2-metric on f∗KX/Σ and we
can not apply the results in [21, 19, 4, 8] directly to this setting.
Proof of Theorem 8. Since our result is local on the base Σ, in the following we assume
without loss of generality that S = {s1}, i.e., there is only one critical value. Set Σreg :=
Σ \ S.
By applying a Hironaka’s resolution of singularity, we obtain a birational morphism
π : Xˆ → X
such that Xˆ is smooth and
fˆ := f ◦ π : Xˆ → Σ
is a holomorphic surjective map with connected fibers and the only singular fiber
Xˆ0 =
∑
ajEj ,
where ai ∈ N≥1, Ei’s are smooth irreducible divisors in Xˆ and have simple normal cross-
ings. Since π is a biholomorphism over X \X0, we know∫
Xs
Ω =
∫
Xˆs
π∗Ω (3.2)
on Σreg. Therefore, we are led to compute the right hand side of (3.2).
To this end, we naturally need the following ramification formula
KXˆ = π
∗KX +
∑
kjEj,
where kj ∈ N≥0 since X is smooth. If we fix a defining section sj of Ej and a smooth
Hermitian metric hj on OXˆ(Ej), then there exists a smooth nondegenerate volume form
Ωˆ on Xˆ satisfying
π∗Ω =
∏
j
|sj|2kjhj Ωˆ.
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For any fixed point x0 ∈ Xˆ0, we set J(x0) = {j|x0 ∈ Ej}. Then we choose a local chart
(U0, z
1, . . . , zn) on Xˆ near x0 such that for j ∈ J(x0), Ej is given by zj = 0 and the map
f is given by
fˆ(z1, . . . , zn) =
∏
j∈J(x0)
(zj)aj = s.
After possibly shrinking U0, we write
π∗Ω =
√−1n
2
h0
∏
j∈J(x0)
|zj |2kjdz1 ∧ . . . ∧ dzn ∧ dz¯1 ∧ . . . ∧ dz¯n
for some positive smooth function h0 on U0. Moreover, for any j0 ∈ J(x0), if we set
ξ0 :=
1
s
(−1)j0 z
j0
aj0
dz1 ∧ . . . ∧ dzj0−1 ∧ dzj0+1 ∧ . . . ∧ dzn,
then we have
π∗Ω =
√−1n
2
h0
∏
j∈J(x0)
|zj |2kj fˆ ∗ds ∧ ξ0 ∧ fˆ ∗ds ∧ ξ¯0
on U0 and hence ∫
Xˆs∩U0 π
∗Ω√−1ds ∧ ds¯ =
√−1(n−1)
2
∫
Xˆs∩U0
h0
∏
j∈J(x0)
|zj |2kjξ0 ∧ ξ¯0. (3.3)
The most convenient choice of j0 for the above ξ0 will be determined later.
To compute the right hand side of (3.3), we now apply a trick in [8, Section 2]. More
precisely, we change the variables by zj = e
uj
aj e
√−1θj for j ∈ J(x0) and zj = rje
√−1θj for
j ∈ {1, . . . , n} \ J(x0). We may assume uj ≤ 0 and 0 ≤ rj ≤ 1 on U0. Moreover, in this
new coordinate,
Xˆs ∩ U0 = {
∑
j∈J(x0)
uj = log |s|}.
Then we have
√−1(n−1)
2
∫
Xˆs∩U0
h0
∏
j∈J(x0)
|zj|2kjξ0 ∧ ξ¯0
=
1
|s|2
∫
Xˆs∩U0
h0
∏
b∈J(x0)
|zb|2kb |zj0 |
2
|aj0 |2
|dz1|2 · . . . · |dzj0−1|2 · |dzj0+1|2 · . . . · |dzn|2
=
C
|s|2
∫
{∑j∈J(x0) uj=log |s|}
h0
∏
b∈J(x0)
e
2
kb+1
ab
ub
∏
j′∈J(x0)\{j0}
duj
′
∏
j′′∈{1,...,n}\J(x0)
drj
′′
.
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Note that h0 is uniformly bounded from zero. Therefore, if we choose a j0 ∈ J(x0) such
that
kj0+1
aj0
= min{kj+1
aj
, j ∈ J(x0)}, then∫
Xˆs∩U0 π
∗Ω√−1ds ∧ ds¯
=
√−1(n−1)
2
∫
Xˆs∩U0
h0
∏
j∈J(x0)
|zj |2kjξ0 ∧ ξ¯0
=
C
|s|2(1−
kj0
+1
aj0
)
∫
{∑j∈J(x0) uj=log |s|}
h0
∏
b∈J(x0)
e
2(
kb+1
ab
− kj0+1
aj0
)ub ∏
j′∈J(x0)\{j0}
duj
′
∏
j′′∈{1,...,n}\J(x0)
drj
′′
,
which clearly has asymptotic
|s|−2(1−
kj0
+1
aj0
)
(− log |s|)N0−1,
where N0 := |{j ∈ J(x0)|kj+1aj =
kj0+1
j0
}|.
Now we set β = min{kj+1
aj
} and N ≥ 1 be the maximal number such that there are N
Ej’s with
kj+1
aj
= β and non-empty intersection. Of course β ∈ Q>0 and N ∈ {1, 2, . . . , n}.
We choose a x0 in such an intersection and its open neighborhood U0 with above prop-
erties. Furthermore, we extend U0 to be an open cover {Uα} of fˆ−1(∆) (after possibly
shrinking ∆) such that every Uα centers at some xα ∈ Xˆ0 and satisfies the above proper-
ties. Then, using a partition of unity {φα} subordinate to {Uα}, we have∫
Xˆs
π∗Ω√−1ds ∧ ds¯ =
∑
α
∫
Xˆs
φαπ
∗Ω√−1ds ∧ ds¯
=
∑
α
∫
Xˆs∩Uα φαπ
∗Ω√−1ds ∧ ds¯ .
Therefore, we conclude that, there exists a constant C ≥ 1 such that
C−1|s|−2(1−β)(− log |s|)N−1 ≤
∫
Xˆs
π∗Ω√−1ds ∧ ds¯ ≤ C|s|
−2(1−β)(− log |s|)N−1
holds on ∆∗, which, combining (3.2), completes the proof of Theorem 8. 
Remark 3. The constant βl in Theorem 8 is the log-canonical threshold of Xsl along X,
in the sense of [18, Definition 9.3.12, Example 9.3.16]. In the special case that f : X → Σ
is a minimal elliptic surface, this fact was first pointed out by Ivan Cheltsov to Hans-
Joachim Hein.
3.2. Two special cases of Theorem 8. We now look at two special cases of Theorem
8.
Special case (1): Calabi-Yau setting. When the total space X is an n-dimensional
Calabi-Yau manifold and Ω =
√−1n2η∧ η¯ for some nowhere vanishing holomorphic (n, 0)-
form on X , a (not necessarily optimal) upper bound of f∗Ω similar to (3.1) was proved
by Gross-Tosatti-Zhang [14, Section 2] by using Hodge theory (see also [3, 4, 30] for some
related discussions).
Special case (2): minimal elliptic surfaces. When f : X → Σ in Theorem 8 is
a minimal elliptic surface, the estimate (3.1) was proved by Song-Tian [22, Lemma 3.4]
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and Hein [15, Section 3.3]. Moreover, in [15, 22], the constants β and N are obtained
precisely according to the types of singular fibers in Kodaira’s table [2, Section V.7]. For
example, in [15], these constants are determined by a detailed analysis on the asymptotic
behaviors of semi-flat metrics near the singular fibers of X .
In the following, we discuss how to recover the result of Song-Tian [22, Lemma 3.4] and
Hein [15, Section 3.3] by our above arguments, and hence provide an alternative proof for
their result.
Case 1: X0 has simple normal crossing support.
These are singular types mI0,mIb(b ≥ 3), I∗b(b ≥ 0), II∗, III∗ and IV∗. In these cases we
don’t need any resolution (or, let π = Id : X → X) and hence kj = 0 for all j.
(1.1) For singular type mI0, I
∗
0, II
∗, III∗, IV∗, there is exactly one component of X0 with
maximal multiplicity m, 2, 6, 4, 3, respectively, and therefore, N = 1 and β = 1
m
, 1
2
, 1
6
, 1
4
, 1
3
,
respectively.
(1.2) For singular type mIb(b ≥ 3), every component has the same multiplicity m and
there exist two components that has non-empty intersections. Therefore, β = 1
m
and
N = 2.
(1.3) For singular type I∗b(b ≥ 1), there always exist two components that has the max-
imal multiplicity 2 and non-empty intersections. Therefore, β = 1
2
and N = 2.
Case 2: X0 doesn’t have simple normal crossing support.
These are singular types II, III, IV,mI1 and mI2.
(2.1) For singular type II, i.e., X0 is a cuspidal rational curve, we can choose a resolution
π : Xˆ → X such that
Xˆ0 = E1 + 2E2 + 3E3 + 6E4
and
KXˆ = π
∗KX + E2 + 2E3 + 4E4.
Therefore, we have β = 5
6
and N = 1.
(2.2) For singular type III, we can choose a resolution π : Xˆ → X such that
Xˆ0 = E1 + E2 + 2E3 + 4E4
and
KXˆ = π
∗KX + E3 + 2E4.
Therefore, we have β = 3
4
and N = 1.
(2.3) For singular type IV, we can choose a resolution π : Xˆ → X such that
Xˆ0 = E1 + E2 + E3 + 3E4
and
KXˆ = π
∗KX + E4.
Therefore, we have β = 2
3
and N = 1.
(2.4) For singular type mI1, we can choose a resolution π : Xˆ → X such that
Xˆ0 = mE1 + 2mE2
and
KXˆ = π
∗KX + E2.
Note that k1+1
a1
= k2+1
a2
= 1
m
and E1 and E2 have non-empty intersections. Therefore, we
have β = 1
m
and N = 2.
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(2.5) For singular type mI2, we can choose a resolution π : Xˆ → X such that
Xˆ0 = mE1 +mE2 + 2mE3 + 2mE4.
and and
KXˆ = π
∗KX + E3 + E4.
Note that
kj+1
aj
≡ 1
m
, j = 1, 2, 3, 4, and there exist two components that has non-empty
intersections. Therefore, we have β = 1
m
and N = 2.
The above results coincide with [22, Lemma 3.4] and [15, Section 3.3, Table 1 in page
377], as expected.
3.3. Limiting singular metrics on Riemann surfaces. We now apply Theorem 8
to understand the limiting singular metrics of the Ka¨hler-Ricci flow and the continuity
method on Riemann surfaces.
Proofs of Theorems 1 and 6. The proofs of Theorems 1 and 6 are identical. We only
discuss Theorem 1. Firstly, since dim(Y ) = 1, combining equations (1.4) and (1.6) gives
ωY =
1
nV0
eψf∗Ω. (3.4)
We know Y is smooth and ωY is smooth on Y \S. Moreover, ψ is a bounded function on Y .
Then, the asymptotics of ωY near an sl ∈ S is just the asymptotics of f∗Ω. Therefore, we
can apply Theorem 8 to conclude (1.17), which implies the metric completion (X∞, d∞) of
(Y \S, ωY ) is a compact length metric space homeomorphic to Y (see e.g. [32, Proposition
3.3] for an argument).
Theorem 1 is proved. 
4. Proofs of Theorems 2, 4 and 7
Now, we are able to prove Theorems 2, 4 and 7.
Proofs of Theorems 2, 4 and 7. The proofs of Theorems 2, 4 and 7 are identical. We only
discuss Theorem 2.
Having Theorem 1, Proposition 1 and a uniform lower bound for Ricci curvature, one
can use the same arguments in [32, Section 3] to conclude Theorem 2. To make this paper
more readable, we give a sketch as follows.
We split the proof into several lemmas. Firstly, we assume without loss of generality
that S = {s1} and denote Yreg := Y \ {s1}, Xreg := f−1(Yreg), Bδ := Bχ(s1, δ) = {s ∈
Y |dχ(s, s1) ≤ δ}, Yδ = Y \ Bδ and Xδ := f−1(Yδ). We assume without loss of generality
that, for sufficiently small δ, Bδ is the standard disc in C. According to the asymptotic of
ωY near s1 obtained in Theorem 1, we can fix a sufficiently large constant L (we are free
to increase L if necessary) and a sufficiently small constant ǫ0 such that for any ǫ ≤ ǫ0 we
have
diamd∞(BǫL) ≤
ǫ
2
. (4.1)
By the asymptotics in Theorem 1, we furthermore have
Lemma 3. (see proof of [32, Lemma 3.6]) For any s, r ∈ YǫL, there exists a piecewise
smooth curve γ ⊂ YǫL connecting s, r such that
LωY (γ) ≤ d(s, r) + 2ǫ.
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Lemma 4. (see proof of [32, Lemma 3.6]) For any ǫ > 0, there exists a Tǫ > 0 such that
for any x, y ∈ XǫL, we can find a piecewise smooth curve τ ⊂ XǫL connecting x, y such
that for any t ∈ [Tǫ,∞),
Lω(t)(τ) ≤ d(f(x), f(y)) + 3ǫ.
Lemma 5. (see proof of [32, Lemma 3.6]) For any ǫ > 0, there exists a Tǫ > 0 such that
for any x, y ∈ Xǫ and t ∈ [Tǫ,∞), there exists a piecewise smooth curve τ t ⊂ Xǫ with
Lω(t)(τ
t) ≤ dω(t)(x, y) + 4ǫ.
Now we can obtain the diameter bound of (X,ω(t)) by using Ricci curvature lower
bound.
Lemma 6. [32, Lemma 3.7] There exists a constant D > 0 such that for any t ∈ [1,∞),
diamω(t)(X) ≤ D.
Proof. To see the role of lower bound for Ricci curvature, we contain some details. Note
that the compactness of (Σ, d) and Lemma 4 imply that, for sufficiently small ǫ, there
exists two constants T and D1 > 0 such that for all t ≥ T
diamdω(t)(XǫL) ≤ D1. (4.2)
Using Proposition 6(1) and the fact that X \ Xreg has real codimension ≥ 2 (X \ Xreg
is in fact a proper subvariety of X), up to possibly decreasing ǫ and increasing L, for all
t ≥ T we have,
V olω(t)(X \XǫL) ≤ e−(n−1)tǫ. (4.3)
Let xt ∈ X \XǫL be a point achieves the maximal distance Rt to XǫL in (X,ω(t)), i.e.,
Rt = sup
x∈X\X
ǫL
inf dω(t)(x,XǫL) = sup
x∈X\X
ǫL
inf
y∈X
ǫL
dω(t)(x, y).
Note that Bω(t)(xt, Rt) ⊂ X \ Xǫ and XǫL ⊂ Bω(t)(xt, Rt + D1). On the one hand, for
some fixed constant C0 ≥ 1 we have
V olω(t)(Bω(t)(xt, Rt +D1))
V olω(t)(Bω(t)(xt, Rt))
≥ V olω(t)(XǫL)
V olω(t)(X \XǫL) ≥
C−10 e
−(n−1)t − ǫe−(n−1)t
ǫe−(n−1)t
≥ 1
2C0
ǫ−1.
(4.4)
On the other hand, by the lower bound for Ricci curvature (assume without loss of
generality Ric(ω(t)) ≥ −(2n− 1)ω(t)) and volume comparison we have
V olω(t)(Bω(t)(xt, Rt +D1))
V olω(t)(Bω(t)(xt, Rt))
≤
∫ Rt+D1
0
sinh2n−1vdv∫ Rt
0
sinh2n−1vdv
, (4.5)
where the right hand side of (4.5) will converges to 1 if Rt → ∞. Combining (4.4), we
know Rt is uniform bounded from above for all t ≥ T . But by triangle inequality we have
diamω(t)(X) ≤ 2Rt +D1,
which implies the desired diameter upper bound for (X,ω(t)).
Lemma 6 is proved. 
Lemma 7. [32, Lemma 3.8] There exist two constants ǫ > 0 and T > 0 such that, after
possibly increasing L, for all ǫ ≤ ǫ0 and t ≥ T we have
diamω(t)(X \XǫL) ≤ 6ǫ.
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Proof. Let Rt be the same as in the proof Lemma 6. Since by Lemma 6 Rt is bounded
from above, the arguments in Lemma 6 further imply that, after possibly increasing L to
L2n+1, there exist constant T > 0 and C1, C2 ≥ 1 such that for all t ≥ T ,
C−11 ǫ
−(2n+1) ≤
∫ Rt+D1
0
sinh2n−1vdv∫ Rt
0
sinh2n−1vdv
≤ C2∫ Rt
0
sinh2n−1vdv
,
so, ∫ Rt
0
sinh2n−1vdv ≤ C1C2ǫ2n+1,
which implies
Rt ≤ ǫ
Now for any x ∈ X \XǫL, we choose a x¯ ∈ ∂XǫL = f−1(∂BǫL) with dω(t)(x, x¯) ≤ Rt ≤ ǫ.
Assume we are given arbitrary two points x, y ∈ X \ XǫL and the corresponding points
x¯, y¯. By Lemma 4 and (4.1) we have
dω(t)(x¯, y¯) ≤ d(f(x¯), f(y¯)) + 3ǫ ≤ 4ǫ.
By triangle inequality we have
dω(t)(x, y) ≤ dω(t)(x, x¯) + dω(t)(x¯, y¯) + dω(t)(y¯, y) ≤ 6ǫ.
Lemma 7 is proved. 
Now we are ready to prove Theorem 2.
Completion of proof of Theorem 2. Define a map g : Y → X by choosing g(s) ∈ Xs =
f−1(s) for every s ∈ Y . By Definitions, it suffices to show that for any small ǫ > 0, there
exists a Tǫ > 0 such that for all t ≥ Tǫ, the followings hold.
(1) |dω(t)(x, y)− d∞(f(x), f(y))| ≤ 8ǫ for all x, y ∈ X ;
(2) |dω(t)(g(s), g(r))− d∞(s, r)| ≤ 8ǫ for all s, r ∈ Y ;
(3) dω(t)(x, g(f(x))) ≤ 8ǫ for all x ∈ X ;
(4) d∞(s, f(g(s))) ≤ 8ǫ for all s ∈ Y .
We firstly note that f(g(s)) = s for all s ∈ Y and hence item (4) holds trivially.
Proof of item (3): If x ∈ XǫL, item (3) follows from the uniform collapsing of smooth
fibers over Yǫ implied by Proposition 6(3); if x ∈ X \XǫL, since g(f(x)) ∈ X \XǫL, item
(3) follows from Lemma 7.
The proofs of items (1) and (2) are same. Here we only prove item (1).
Proof of item (1): Assume we are given two arbitrary points x, y ∈ X .
Case I : x, y ∈ XǫL. In this case, by Lemma 4 we see
dω(t)(x, y) ≤ d∞(f(x), f(y)) + 3ǫ. (4.6)
On the other hand, by Lemma 5 we fix a piecewise smooth curve τ t ⊂ XǫL connecting
x, y with
Lω(t)(τ
t) ≤ dω(t)(x, y) + 4ǫ.
Since τ t ⊂ XǫL, we apply Proposition 1 to find a constant Tǫ > 0 such that for all t ≥ Tǫ
we have
LωY (f(τ
t)) ≤ Lω(t)(τ t) + ǫ
which implies
d∞(f(x), f(y)) ≤ LωY (f(τ t)) ≤ dω(t)(x, y) + 4ǫ. (4.7)
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Combining (4.6) and (4.7), we obtain item (1) in this case.
Case II : x ∈ X \XǫL, y ∈ Xǫ. We fix a x¯ ∈ ∂Xǫ = f−1(∂BǫL) with dω(t)(x, x¯) ≤ ǫ as in
the proof of Lemma 7. Then by Case I we know
|dω(t)(x¯, y)− d∞(f(x¯), f(y))| ≤ 4ǫ. (4.8)
So, by the triangle inequality and the fact that d∞(f(x), f(x¯)) ≤ ǫ2 by (4.1) we have
dω(t)(x, y) ≤ dω(t)(x, x¯) + dω(t)(x¯, y)
≤ ǫ+ d∞(f(x¯), f(y)) + 4ǫ
≤ d∞(f(x), f(y)) + d∞(f(x¯), f(x)) + 5ǫ
≤ d∞(f(x), f(y)) + 6ǫ (4.9)
and similarly,
d∞(f(x), f(y)) ≤ dω(t)(x, y) + 6ǫ (4.10)
Combining (4.9) and (4.10), we obtain item(1) in this case.
Case III : x, y ∈ X \XǫL. By (4.1) and Lemma 7 we know
dω(t)(x, y) + d∞(f(x), f(y)) ≤ 7ǫ,
from which item (1) follows in this case.
Combining Cases I-III, we have proved item (1).
Theorem 2 is proved.

5. Proofs of Theorems 3 and 5
This section contains proofs of Theorems 3 and 5. Since the arguments are very similar,
we will only discuss Theorem 3. The proof of Theorem 3 needs more efforts than Theorem
2. An outline is as follows. Firstly, we use Theorem 1 to determine the asymptotics of
the generalized Ka¨hler-Einstein current on Σ˜; secondly, under the assumption that Ricci
curvature is uniformly bounded from below, we modify discussions in Section 4 to obtain
a uniform diameter upper bound for the Ka¨hler-Ricci flow on X˜; finally we apply some
results and arguments of Cheeger-Colding [5, 6] and Gross-Tosatti-Zhang [13, 14, 29] to
prove Gromov-Hausdorff convergence.
5.1. Generalized Ka¨hler-Einstein current on Σ˜. Recall we are in the Setup 4. We
can also fix a smooth positive volume form Ω′ on X ′ with
√−1∂∂¯ log Ω′ = f ′∗χ′. Then
Σ′ admits a unique generalized Ka¨hler-Einstein current ωΣ′ = χ′ +
√−1∂∂¯ψ′ solved by
ωΣ′ = χ
′ +
√−1∂∂¯ψ′ = m−1eψ′f ′∗Ω′. (5.1)
In the following, we identify c1(X) on X with its pullback on X˜, χ on Σ with its pullback
on Σ˜ and so on. Note that S˜ := (S × Σ′) ∪ (Σ× S ′) has simple normal crossing support.
According to [22, 23], the generalized Ka¨hler-Einstein current ωΣ˜ on Σ˜ is solved by
(χ+ χ′ +
√−1∂∂¯ψ˜)2 = 1(n+m
2
)eψ˜f˜∗(Ω ∧ Ω′). (5.2)
Meanwhile, easily we have
f˜∗(Ω ∧ Ω′) = f∗Ω ∧ f ′∗Ω′.
Therefore, it is not hard to see that the unique solution ψ˜ to (5.2) is given by
ψ˜ = ψ + ψ′ + cn,m,
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where ψ′ is the unique solution to (5.1) and cn,m := log
(n+m)(n+m−1)
nm
. Consequently,
ωΣ˜ = χ+ χ
′ +
√−1∂∂¯ψ˜
= ωΣ + ωΣ′. (5.3)
By Theorem 1 we know ωΣ˜ on Σ˜ near point in (Σ \ S)× S ′ is locally equivalent to
√−1
(
ds ∧ ds¯+ |s′|−2(1−β′)(− log |s′|)N ′ds′ ∧ ds¯′
)
,
while near point in S × S ′ is locally equivalent to
√−1
(
|s|−2(1−β)(− log |s|)Nds ∧ ds¯+ |s′|−2(1−β′)(− log |s′|)N ′ds′ ∧ ds¯′
)
.
From now on, we assume without loss of generality that S = {s1} and S ′ = {s′1}.
Denote Σreg = Σ \ {s1}, Σ′reg = Σ′ \ {s′1} and Σ˜reg = Σreg × Σ′reg.
Define a metric d˜∞ on Σ˜ as follows. For any s, r ∈ Σreg and s′ ∈ Σ′reg, set
(1) d˜∞ = dω˜Σ˜ on Σreg × Σ′reg;
(2) d˜∞((s, s′1), (r, s
′
1)) = dωΣ(s, r);
(3) d˜∞((s1, s′1)(s, s
′
1)) = limk→∞ dωΣ(s1k, s) for sequence s1k ∈ Σreg converges to s1a;
(4) d˜∞((s, s′1), (r, s
′)) = limk→∞ dωΣ˜((s, s
′
1k), (r, s
′)) for a sequence s′1k ∈ Σ′reg converges
to s′1;
(5) d˜∞((s1, s′1), (s, s
′)) = limk→∞ dωΣ˜((s1k, s
′
1k), (s, s
′)) for a sequence s1k ∈ Σreg con-
verges to s1 and a sequence s
′
1k ∈ Σ′reg converges to s′1;
(6) In other cases, we define d˜∞ by interchanging the role of Σ and Σ′.
The above definition does not depend on the choice of approximating sequence s1k, s
′
1k.
For example, in case (5), if we use different sequences s1l, s
′
1l, then
|dωΣ˜((s1k, s′1k), (s, s′))− dωΣ˜((s1l, s′1l), (s, s′))|
≤ dωΣ˜((s1k, s′1k), (s1l, s′1l))
≤ dωΣ(s1k, s1l) + dωΣ′ (s′1k, s′1l)
→ 0,
where in the last inequality we have used Cauchy inequality for product manifold with
product Riemannian metric and the last convergence takes place uniformly as k, l →∞.
In conclusion, (Σ˜, d˜∞) is a compact length metric space and is the metric completion
of (Σ˜reg, ωΣ˜). We will see that (Σ˜, d˜∞) is the unique limiting space in Theorem 3.
5.2. Diameter bound of ω(t). Denote Bδ := Bχ(s1, δ) = {s ∈ Σ|dχ(s, s1) ≤ δ}, B′δ :=
Bχ′(s
′
1, δ), Σδ := Σ \Bδ, Σ′δ := Σ′ \B′δ, Xδ := f−1(Σδ), X˜δ := f ′−1(Σ′δ).
According to the asymptotics of ωΣ˜, we fix a sufficiently large L (we are free to increase
L if necessary) such that for any ǫ < 1
2
, we have
diamd˜∞(BǫL × B′ǫL) ≤ diamd∞(BǫL) + diamd′∞(B′ǫL) ≤
ǫ
4
(5.4)
and
Ld∞(∂BǫL) + Ld′∞(∂B
′
ǫL) ≤
ǫ
4
. (5.5)
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The above first inequality in (5.4) holds since d˜∞ is induced by product metric ωGKE +
ω′GKE on regular part. In particular, we have
dGH((Σ˜, d˜∞), (ΣǫL × Σ′ǫL , d˜∞)) ≤
ǫ
4
. (5.6)
We need the following
Lemma 8. For any points (s, s′), (r, r′) ∈ ΣǫL × Σ′ǫL, we can choose a piecewise smooth
curve γ˜ ⊂ ΣǫL × Σ′ǫL connecting (s, s′) and (r, r′) with
Ld˜(γ˜) ≤ d˜((s, s′), (r, r′)) + ǫ. (5.7)
Proof. Firstly, we fix a curve γ˜0 = (γ0, γ
′
0) : [0, 1]→ Σreg × Σ′reg such that
Ld˜(γ˜0) = LωΣ˜(γ˜0) ≤ d˜((s, s′), (r, r′)) +
ǫ
4
. (5.8)
We assume without loss of generality that γ0 ∩ BǫL 6= ∅ and γ′0 ∩ B′ǫL 6= ∅. Set u1 :=
sup{u ∈ (0, 1)|γ0([0, u)) ⊂ ΣǫL} and u2 := inf{u ∈ (0, 1)|γ0((u, 1]) ⊂ ΣǫL}. Define u′1, u′2
for γ′0 similarly. Define γ˜ = (γ, γ
′), where γ is obtained from γ0 by changing γ0|[u1,u2] to
a smooth curve which lies on ∂BǫL and connects γ0(u1) and γ0(u2). γ
′ is obtained from
γ′0 similarly. It suffices to show γ˜ satisfies (5.7). We separate our arguments into several
cases as follows.
Case (1): u2 ≤ u′1. In this case,
Ld˜∞(γ˜)− Ld˜∞(γ˜0) = LωΣ˜(γ˜)− LωΣ˜(γ˜0)
= I + II,
where
I =
∫ u2
u1
√
ωΣ(γ˙, γ˙) + ωΣ′(γ˙′, γ˙′)du−
∫ u2
u1
√
ωΣ(γ˙0, γ˙0) + ωΣ′(γ˙′0, γ˙′0)du
≤
∫ u2
u1
√
ωΣ(γ˙, γ˙) + ωΣ′(γ˙′, γ˙′)du−
∫ u2
u1
√
ωΣ(γ˙′0, γ˙′0)du (5.9)
≤
∫ u2
u1
√
ωΣ(γ˙, γ˙)du+
∫ u2
u1
√
ωΣ′(γ˙′, γ˙′)du−
∫ u2
u1
√
ωΣ′(γ˙′0, γ˙′0)du
=
∫ u2
u1
√
ωΣ(γ˙, γ˙)du
≤ Ld∞(∂BǫL) ≤
ǫ
4
,
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and
II =
∫ u′2
u′1
√
ωΣ(γ˙, γ˙) + ωΣ′(γ˙′, γ˙′)du−
∫ u′2
u′1
√
ωΣ(γ˙0, γ˙0) + ωΣ′(γ˙′0, γ˙′0)du
≤
∫ u′2
u′1
√
ωΣ(γ˙, γ˙) + ωΣ′(γ˙′, γ˙′)du−
∫ u′2
u′1
√
ωΣ(γ˙0, γ˙0)du
≤
∫ u′2
u′1
√
ωΣ(γ˙, γ˙)du+
∫ t′2
t′1
√
ωΣ′(γ˙′, γ˙′)du−
∫ u′2
u′1
√
ωΣ(γ˙0, γ˙0)du
=
∫ u′2
u′1
√
ωΣ′(γ˙′, γ˙′)du
≤ Ld′∞(∂B′ǫL) ≤
ǫ
4
.
Therefore,
Ld˜∞(γ˜) ≤ Ld˜∞(γ˜0) +
ǫ
2
≤ d˜∞((s, s′), (r, r′)) + 3ǫ
4
.
Case (2): u1 = u
′
1 and u2 = u
′
2. In this case,
Ld˜∞(γ˜)− Ld˜∞(γ˜0)
= LωΣ˜(γ˜)− LωΣ˜(γ˜0)
=
∫ u2
u1
√
ωΣ(γ˙, γ˙) + ωΣ′(γ˙′, γ˙′)du−
∫ u′1
u1
√
ωΣ(γ˙0, γ˙0) + ωΣ′(γ˙′0, γ˙′0)du
≤
∫ u2
u1
√
ωΣ(γ˙, γ˙) + ωΣ′(γ˙′, γ˙′)du
≤
∫ u2
u1
√
ωΣ(γ˙, γ˙)du+
∫ u2
u1
√
ωΣ′(γ˙′, γ˙′)du
≤ Ld∞(∂BǫL) + Ld′∞(∂B′ǫL)
≤ ǫ
4
,
Case(3): u1 ≤ u′1 ≤ u2 ≤ u′2 or u1 ≤ u′1 ≤ u′2 ≤ u2. These cases can be checked by a
combination of arguments in the above two cases.
Case (4). The remaining cases can be checked by interchanging the role of (u1, u2) and
(u′1, u
′
2).
Lemma 8 is proved. 
Now we check an analog of [32, Lemma 3.6].
Lemma 9. For any ǫ > 0, there exists a Tǫ > 0 such that for any (x, x
′), (y, y′) ∈ XǫL×X ′ǫL
and t ∈ [Tǫ,∞), we can choose a piecewise smooth curve τ˜ ⊂ XǫL×X ′ǫL connecting (x, x′)
and (y, y′) with
Lω(t)(τ˜ ) ≤ d˜∞((f(x), f ′(x)), (f(y), f ′(y′))) + 2ǫ. (5.10)
Proof. By Lemma 8, we can choose a piecewise smooth curve γ˜ ⊂ ΣǫL × Σ′ǫL connecting
(f(x), f ′(x′)) and (f(y), f ′(y′)) with
Ld˜∞(γ˜) = LωΣ˜(γ˜) ≤ d˜∞(f(x), f ′(x′), (f(y), f ′(y′))) + ǫ. (5.11)
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Then one easily lifts γ˜ by f˜ to a curve τ˜ ⊂ XǫL ×X ′ǫL by the manner in [32, Lemma 3.6],
which, by combining items (4) and (5) in Proposition 6 and choosing sufficiently large Tǫ,
satisfies
Lω(t)(τ˜) ≤ Lf˜∗ωΣ˜(τ˜) + ǫ
= LωΣ˜(γ˜) + ǫ
≤ d˜∞(f(x), f ′(x′), (f(y), f ′(y′))) + 2ǫ.
Lemma 9 is proved. 
Now, by combining Lemma 9, item (1) of Proposition 6 and the assumption of Ricci
curvature lower bound, we can repeat arguments in [32, Lemmas 3.7, 3.8] to conclude
Lemma 10. Assume the Ricci curvature of ω(t) is uniformly bounded from below.
(1) There exist two positive constant C and T such that for all t ∈ [T,∞),
diamω(t)(X˜) ≤ C.
(2) For any ǫ ≤ 1
2
, set Rt be the maximal distance with respect to (X˜, ω(t)) from points
in X˜ \ (XǫL × X ′ǫL) to XǫL × X ′ǫL. Then up to possibly increasing L, there exists
some Tǫ > 0 such that for all t ∈ [Tǫ,∞) we have
Rt ≤ ǫ.
In particular, for all t ∈ [Tǫ,∞),
dGH((X˜, dω(t)), (XǫL ×X ′ǫL, dω(t))) ≤ ǫ. (5.12)
5.3. Gromov-Hausdorff convergence. Since (X˜, ω(t)) have uniform Ricci curvature
lower bound and diameter upper bound, we now make use of Proposition 6, Lemma 1 and
some results and arguments in [5, 6, 13, 14, 29] to prove Gromov-Hausdorff convergence.
By Gromov’s precompactness theorem, for any given time sequence we can choose a
subsequence tk →∞ and a compact length metric space (Z, dZ) with (X˜, ω(tk))→ (Z, dZ)
in Gromov-Hausdorff topology, as tk → ∞. As we have the estimates in Proposition 6,
the following lemma can be checked by the same arguments in [13, Lemma 5.1].
Lemma 11. There exist an open subset Z0 of Z and a local isometric homeomorphism
h : (Σ˜reg, d˜)→ (Z0, dZ).
Now we recall the construction in [5, Section 1] of a Radon measure ν on Z, i.e., the
renormalized limiting measure, as follows. Fix a z ∈ Z0 and p˜k ∈ X˜ with p˜k → z under
Gromov-Hausdorff convergence of (X˜, ω(tk))→ (Z, dZ). For any given x˜ ∈ X˜ and r > 0,
let
V k(x˜, r) =
V olω(tk)(Bω(tk)(x˜, r))
V olω(tk)(Bω(tk)(p˜k, 1))
.
Then [5, Theorem 1.6] gives a continuous function
V ∞ : Z × [0,∞)→ [0,∞)
with, for any given x˜k → z under Gromov-Hausdorff convergence (X˜, ω(tk)) → (Z, dZ)
and r > 0, V k(x˜k, r) → V ∞(z, r). Moreover, by [5, Theorem 1.10], there exists a unique
Radon measure ν on Z such that for all z ∈ Z and r > 0, we have
ν(BdZ (z, r) = V ∞(z, r).
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By definition of V k and volume comparison theorems, we also have, for any r ≤ R,
ν(BdZ (z, r))
ν(BdZ (z, R))
≥ V2n+2m,−1(r)
V2n+2m,−1(R)
, (5.13)
where Vn,−1(r) denotes the volume of ball with radii r in the simply connected space form
of dimension n and curvature −1. For any compact subset K ⊂ Z,
ν(K) = lim
δ→0
νδ(K) = lim
δ→0
inf
{∑
i
V ∞(zi, ri)|K ⊂ ∪iBdZ (zi, ri), ri < δ
}
.
In the following, up to some scaling on ω(tk) and ωΣ˜, we may assume without loss of
generality that BωΣ˜(h
−1(z), 2) ⊂ Σ˜reg and is geodesically convex, i.e., any two z1, z2 ∈
BωΣ˜(h
−1(z), 2) can be connected by a minimal geodesic contained in BωΣ˜(h
−1(z), 2). The
following is an analog of [13, Lemma 5.2].
Lemma 12. There exist a positive constant C1 such that
V ∞(z, r) = C1
∫
f˜−1(Bω
Σ˜
(h−1(z),r))
eψ˜Ω˜,
whenever z ∈ Z0 and r ≤ 1 with BωΣ˜(h−1(z), 2r) ⊂ Σ˜reg and is geodesically convex. Recall
ψ˜ is the solution to (5.2).
Proof. The proof is almost identical to [13, Lemma 5.2] except one minor modification
due to the fact that the involved equation is different from [13]. For convenience, we
give some details here. Firstly, by using properties of the Ka¨hler-Ricci flow collected in
Proposition 6, Proposition 1 and the same arguments in [13, Lemma 5.2], we can find a
positive function ǫ(t), which converges to zero as t→∞, such that
f˜−1(BωΣ˜(h
−1(z), r − ǫ(tk))) ⊂ Bω(tk)(x˜k, r) ⊂ f˜−1(BωΣ˜(h−1(z), r + ǫ(tk))),
where x˜k ∈ X˜ is some fixed sequence converging to z under Gromov-Hausdorff convergence
(X˜, ω(tk))→ (Z, dZ). Now using the equation (2.1) and the fact that eϕ˙(t)+ϕ(t) → ef∗ψ˜ in
L1(X˜)-topology by Lemma 1, we have
V k(x˜k, r) =
V olω(tk)(Bω(tk)(x˜k, r))
V olω(tk)(Bω(tk)(p˜k, 1))
=
∫
Bω(tk)(x˜k ,r)
e−(n+m−2)teϕ˙(tk)+ϕ(tk)Ω˜∫
Bω(tk)(p˜k,1)
e−(n+m−2)teϕ˙(tk)+ϕ(tk)Ω˜
=
∫
Bω(tk)(x˜k ,r)
eϕ˙k+ϕ(tk)Ω˜∫
Bω(tk)(p˜k ,1)
eϕ˙(tk)+ϕ(tk)Ω˜
→
∫
f˜−1(Bω
Σ˜
(h−1(z),r))
eψ˜Ω˜∫
f˜−1(Bω
Σ˜
(h−1(z),1))
eψ˜Ω˜
.
Therefore, if we set C1 =
(∫
Bω
Σ˜
(h−1(z),1)
eψ˜Ω˜
)−1
, then the desired result follows. 
Remark 4. To carry out the analog of Lemma 12 for the continuity method (1.8), one
only needs to replace Lemma 1 by Lemma 2.
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A direct consequence of Lemma 12 and the equation (5.2) for ωΣ˜ is the following
Lemma 13. There exists a positive constant C2 such that, for any K ⊂ Σ˜reg,
ν(K) = C2
∫
K
ω2
Σ˜
.
Note that it follows from the above proof that ν(Z) = V ∞(z,D) = C1
∫
X˜
eψ˜Ω˜ > 0,
where D is a diameter bound of (Z, dZ). Then we can apply the same arguments in [13,
Theorem 1.2] to conclude
Lemma 14. ν(Z \ Z0) = 0.
Now using Lemmas 13, 14 and the asymptotics of ωΣ˜ (see subsection 5.1), the same
arguments in [29, Section 2] (also see [14, Section 3]) give
Lemma 15. (1) The Hausdorff dimension dimH(Y \ Z0) ≤ 2;
(2) ν = C2H4dZ on Z as measures;
(3) ν−1(Z \ Z0) = 0, where ν−1, the measure in codimension one, is defined by, for
any subset K ⊂ Z,
ν−1(K) = lim
δ→0
inf
{∑
i
r−1i ν(BdZ (zi, ri))|K ⊂ ∪iBdZ (zi, ri), ri < δ
}
.
Finally, we are able to complete the proof of Theorem 3.
Proof of Theorem 3. Firstly, the arguments in Lemma 8 imply that, for any s˜1, s˜2 ∈ Σ˜reg
and ǫ > 0, there exists a piecewise smooth curve γ˜ǫ ⊂ Σ˜reg connecting s˜1, s˜2 with
Ld˜(γ˜ǫ) = LωΣ˜(γ˜ǫ) ≤ d˜(s˜1, s˜2) + ǫ.
Therefore,
dZ(h(s˜1), h(s˜2)) ≤ LdZ (h(γ˜ǫ))
= LωΣ˜(γ˜ǫ)
≤ d˜∞(s˜1, s˜2) + ǫ.
Hence, since ǫ is arbitrary, we have
dZ(h(s˜1), h(s˜2)) ≤ d˜∞(s˜1, s˜2). (5.14)
On the other hand, for any z1 = h(s˜1), z2 = h(s˜2) ∈ Z0 and ǫ > 0, we choose ǫ small
enough such that BdZ (z2, ǫ) ⊂ Z0 and is geodesiccally convex. By using item (3) in
Lemma 15, we conclude from [6, Theorem 3.7] that there exists a z3 ∈ BdZ(z2, ǫ) and a
minimal geodesic τǫ ⊂ Z0 connecting z1 and z3. We can also connecting z2 and z3 by a
minimal geodesic τ ′ǫ ⊂ BdZ (z2, ǫ) ⊂ Z0. Hence, by connecting τǫ and τ ′ǫ we obtain a curve
τ ′′ǫ connecting z1, z2 with
LdZ (τ
′′
ǫ ) ≤ LdZ (τǫ) + ǫ
≤ dZ(z1, z3) + ǫ
≤ dZ(z1, z2) + 2ǫ.
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Therefore,
d˜∞(s˜1, s˜2) ≤ LωΣ˜(h−1(τ ′′ǫ ))
= LdZ (τ
′′
ǫ )
≤ dZ(z1, z2) + 2ǫ
= dZ(h(s˜1), h(s˜2)) + 2ǫ.
Letting ǫ→ 0 gives
d˜∞(s˜1, s˜2) ≤ dZ(h(s˜1), h(s˜2)). (5.15)
From (5.14) and (5.15) we see that h : (Σ˜reg, d˜) → (Z0, dZ) is an isometry. But Z0 is
dense in Z and Σ˜reg is dense in Σ˜, we can extend h to an isometry h˜ : (Σ˜, d˜∞)→ (Z, dZ).
Thus, we have proved that every Gromov-Hausdorff limit of (X˜, ω(t)) is isometric to
(Σ˜, d˜∞) and hence (X˜, ω(t)) → (Σ˜, d˜∞) in Gromov-Hausdorff topology without passing
to a subsequence.
Theorem 3 is proved. 
We end this paper by a remark.
Remark 5. Theorem 3 (assuming Ricci curvature lower bound) and Theorem 5 hold in
some similar settings. Let f ′ : X ′ → B be a holomorphic submersion with connected
fibers between two compact connected Ka¨hler manifolds with dim(Y ) > dim(B) ≥ 1 and
f ′∗χB ∈ 2πc1(KX′) for some Ka¨hler metric χB on B. Set
f˜ := (f, f ′) : X ×X ′ → Σ×B.
Then Theorems 3 holds in this setting. Moreover, given a holomorphic surjective map
f˜ : X1 × X2 × . . . × Xq → B1 × B2 × . . . × Bq, which is a product of q holomorphic
surjective maps fi : Xi → Bi with connected fibers and f ∗i χi ∈ 2πc1(KXi) for some Ka¨hler
metric χi on Bi, assume all the involved spaces are compact connected Ka¨hler manifolds
and fi : Xi → Bi is either a holomorphic submersion or dim(Bi) = 1. Then Theorem 3
and 5 hold on f˜ : X1 ×X2 × . . .×Xq → B1 ×B2 × . . .× Bq.
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Very recently, Fu, Guo and Song [11] made a big progress on studying the geometry of
the continuity method. They proved that the diameter of ω(t) solving from the continuity
method (1.8) or (1.11) is uniformly bounded. Their result in particular gives an alterna-
tive proof for the diameter upper bound of the continuity method involved in proofs of
Theorems 4, 5 and 7.
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